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Introduction

Discomfort in the classroom and learning difficulties are manifestations often connected to risk factors, which
could be of physical or socio-cultural origin, to be addressed with a theoretically founded and adequately
elaborated intervention model based on empirical evidence, so as to avoid school failure. The different risk
factors and their effects are attributable to some large-scale factors. According to numerous international
researches, the influence of the socio-cultural background persists, above all, on the outcomes, which
generates significant delays and distances in cognitive development, from the first years of life (Strand, 2014).
In the category of learners defined as ‘low achieving’ (LA), the effects of deficits are more evident in the
linguistic field, but important deficiencies are also found in the mathematical one (Geary et al., 2012). Low
achieving students, those who fall below grade level, show frequent difficulties in operations linked to the
memory process, thus solving problems requiring computational strategies as an effect of fact retrieval deficit.
Limitations in problem-solving are often also linked to difficulties in reading and understanding texts, deficits in
the formulation of hypotheses, in logical processes, in application and adaptation of math principles, and other
different cognitive subtypes of mathematics learning difficulties (MLD) which have been classified through
data-driven approaches (Bartelet et al, 2014). Motivational deficiencies also reduce the determination of pupils
in tackling the cognitive obstacles posed by complex mathematical content. To cope adequately with these
difficulties, it is necessary to propose methods that take into account the complexity of the factors that
generate learning problems, the variety of their effects and the speed with which differences in skills are
generated, so as to put in place targeted and multiple protective factors. It is a question of making early
diagnoses adequate to identify the specific learning problems and of activating the cognitive processes of the
pupils (such as perceiving, recognizing, conceiving, and reasoning) which are not adequately stimulated, with
regard to the fundamental contents, in an integrated learning context of mathematics and language, which

motivates them to success.

Low achieving in math even for those who present average literacy skills, have a direct effect on everyday life,
resulting in fewer work opportunities and lower salaries as documented in analysis made in the UK and USA.
Therefore, the importance of an educational system aware of this consequence is fundamental to tackle
deficits in order to prepare young people to carry out, according to their own possibilities and choices, an
activity or function that contribute to the material or spiritual progress of society.

1. MLD will be described illustrating how they manifest themselves and how can they be
identified
Neurobiological basis could be the cause of math disability, which is considered a neurodevelopmental
disorder, but math disability could also be a consequence of external factors. An evidence, thus negative, of
how social environment affect the human body was already given in very ancient times by what is now called
affective deprivation disorder, whose effects have been studied since the 1970s by Lytt Gardner in children's
deprivation dwarfism or psychosocial short stature (PSS). Epigenetics, which is a very recent discipline, it is
demonstrating with scientific evidence how socio-cultural factors can affect the organism and its functioning,
to cause heritable phenotype changes, modifying the activation of certain genes, without altering the genetic
code sequence of DNA. Since environmental experience modulates the levels and nature of epigenetic signals,
they are considered fundamental in mediating the ability of the environment to regulate the genome.
Epigenetics plays a fundamental role in all processes of neural reorganization or restructuring, including those
that preside over brain plasticity. Crucial epigenetic changes are also involved in the regulation of learning and
memory processes, environmental enrichment is also capable of curing learning and memory deficits.
Therefore, multiple theories exist as follows:

- Core deficit hypothesis,

- Deficits in general domain hypothesis,
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- Deficits in domain-specific math areas,
- Procedural deficit hypothesis

These theories have their basis on dysfunction in specific brain regions mainly implicated in math processes.
Furthermore, researches in educational psychology and general education supports the affective filter
hypothesis, which is a concept relate to second-language learning theory and it regards a learning impediment
triggered by negative emotional reactions to one's own environment. Some feelings, such as fear, anxiety and
boredom, interfere with the learning process according to the affective filter hypothesis. Those negative
emotions act as a filter between the speaker and the listener, reducing the amount of information that the
listener can understand, thus preventing its efficient processing.

The terms used to describe students who experience problems with math, vary in the studies and regulations
on the basis of the definition themselves of the target groups and according to the implementation of research
instruments and tackling policy. The broadly used definition Mathematical Learning Difficulty (MLD) includes a
wide variety of deficits, mostly affecting the area of arithmetic and thus arithmetic problem solving: generally
speaking, MLD is used to refer to learning difficulties in all mathematical domains. Mathematical difficulties
experienced by children depend on different factors varying from poor instruction to socio-cultural
environment, with a broader meaning than the definition of math disability (MD). Not all students with
mathematical difficulties will have MD, whose hypothetical paradigm refers to an inherent weakness in
mathematical cognition independent from sociocultural or environmental causes. Therefore, since there are no
standards to confirm the presence of learning difficulties (LDs) in math, the variations of the diagnostic criteria
and different vision between the educational and medical systems responsible for taking care of these students
must be taken in consideration as part of the teaching device.

The socio-cultural environment in which the students and the teachers are inserted, strongly influences the
learning achievements, because a diagnosis of a disease instead of a difficulty depends on the respective
official definition, thus radically changing the tackling perspective and testing procedures and reflects on the
effectiveness of the efforts to improve the quality of the teaching/learning process. It is important, therefore
for us to understand that the context influences both groups of the students and the teachers, so first of all we
should identify the environment where teachers use terms like dyscalculia rather than poor math achievement
to address children. The issue of a definition is still in progress, in Italy and most western countries the
specificity of MLD diagnosis is included in a general category of ‘Specific Learning Disabilities’ (SLD) along with
all the learning disabilities, students are therefore considered with ‘Special Educational Needs’ (SEN).

The World Health Organization International Statistical Classification of Diseases and Related Health Problems
10" edition (IChD-10) implements the classification of ‘F81.2 Specific disorder of arithmetical skills’, that
“involves a specific impairment in arithmetical skills, which is not solely explicable on the basis of general
mental retardation or of grossly inadequate schooling”. Diagnostic tests, such as IChD 10 (WHO, 2003), or DSM
5 (2013), aim to identify subjects with Math disorders or Mathematical Learning disabilities as having specific
difficulties in learning or in mathematics learning, based on medical models. Instead, others perspectives, such
as European educational community, uses a broader concept of students with mathematical learning
difficulties referring to any group of students with low achievement in mathematics (2013): “Low achievement
is the situation where a child fails to acquire basic skills while they do not have any identified disability and
have cognitive skills within the normal range. In those cases, low achievement may be considered as a failure of
the education system”.

“The deficit concerns mastery of basic computational skills of addition, subtraction, multiplication, and division
(rather than of the more abstract mathematical skills involved in algebra, trigonometry, geometry, or
calculus)”. At the same time, the diagnostic guidelines raise the awareness that “Arithmetical disorders have
been studied less than reading disorders, and knowledge of antecedents, course, correlates, and outcome is
quite limited”. We will use MLDs to refer to mathematical learning difficulties in all domains, which is to be
considered multidimensional bringing into the picture mathematical domains other than the ones mentioned
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above. For example connected with Memory such as inhibition of irrelevant information from entering in the
Working Memory; executive mechanisms connected with Reasoning such as Entailment; Inhibition (affective
filter); Updating relevant information, shifting from one operation-strategy to another, Updating and strategic
planning, Decision-making, Semantic memory; Visuo-Spatial Working Memory, and Visuo-Spatial
reasoning/perception.
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2. Which actions are to be carried out in teaching practice with reference to the
Mathematical Learning Disabilities?

It is widely believed, among science and math teachers in particular, that many of the students' comprehension
and learning difficulties depend on linguistic factors.

Knowing formulas by heart, however, is not enough in the face of the text of a problem, although the students
remember them, sometimes they not seem to be able to recognize the question, interpret the instructions,
identify the necessary elements to reach the solution, etc.

Sometimes, teachers also complain about children's difficulty in expressing: correcting math homework often
requires interpretation and integration of disconnected and linguistically incorrect texts. The linguistic or
textual organizational error, in a mathematics task, has to be considered serious, as if the knowledge of the
contents could be independent of the ability to express them. The tools needed by teachers of scientific
disciplines must be efficient to address language difficulties as a source of difficulty in mathematics.

In learning mathematics, communicative component is central, to express and transfer knowledge, skills,
attitudes, experiences, which are continually reworked and intertwined; the learning path is therefore the
result of a work in which language links different components to interact with each other.

Martha Fandifio analyses the aspects of learning process from another point of view, focusing on the
strategies. She distinguishes among "conceptual learning", "procedural or algorithmic learning", "semiotic
learning or management of representations", "strategic learning" and finally "communicative learning", which
have decisive impact in the final phase of the learning process, when they switch to effective learning and final
understanding. Communicative learning of math is an aspect of education that regards the ability to express
logical ideas, telling, validating, justifying, arguing, demonstrating mathematical concepts (both orally and in

writing) and visually representing them with figures.

The most important international survey in the framework of mathematical skills, the OECD-PISA survey, gives
a definition of ‘Mathematics performance’ which, for PISA purposes, measures the mathematical literacy of a
15 year-old: “Mathematical literacy is an individual’s capacity to reason mathematically and to formulate,
employ and interpret mathematics to solve problems in a variety of real-world contexts. It includes concepts,
procedures, facts and tools to describe, explain and predict phenomena. It helps individuals know the role that
mathematics plays in the world and make the well-founded judgments and decisions needed by constructive,
engaged and reflective 21st Century citizens”.

For instance, students should be able to manage three mathematical processes:
- Formulating situations mathematically;
- Employing mathematical concepts, facts, procedures and reasoning; and
- Interpreting, applying and evaluating mathematical outcomes;

Linguistic competence plays a fundamental role. The frame of reference of the OECD-PISA survey explains this
role and can be a very useful tool, also for teachers, to better define the phenomena and interpret the
students' behaviours.

In the framework of the OECD-PISA survey, the importance of communicative competence is underlined in the
three different aspects of mathematical processes — formulating, employing, interpreting. In the process of
formulating language is fundamental considering reading, decoding and interpreting statements, questions,
tasks in order to create a mental model of the situation; in the process of employing it is clearly stated that
linguistic skills are necessary to articulate a solution, illustrate the work necessary to arrive at the solution and
summarizing and presenting the intermediate results; finally, in the process of Interpreting, we need language
to elaborate and communicate explanations and arguments in the context of the problem. Argumentative
competence also manifests itself in the three phases of the problem-solving (modelling) cycle — formulate,
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employ, interpret and evaluate — in particular through providing, explaining and defending justifications for

mathematical modelling, important for the acquisition of linguistic competence.

In light of all this, it is evident that it is necessary to build an interdisciplinarity link between the work of the
language teacher and that of the scientific disciplines, and of mathematics in particular, in all school grades.

Since linguistic difficulties and disabilities actually interfere with the understanding of the text of a problem, the
ability to identify the instructions, the possibility of finding an effective solution strategy, the ability to control
the correctness and the sensibility of the result, the ability to justify the chosen strategy and to discuss and
justify the final solution, the strategies to contrast language difficulties and disabilities should be taken into
consideration to contrast as well the problems related to the role of language in learning mathematics. First of
all the linguistical aspect of manuals: they should be balanced to reflect the age and the social environment of
the students, furthermore it should be taken into consideration the use of other communication techniques,
such as images, and other teaching strategies, on the one hand tackling learning disabilities, on the other hand
strengthening of awareness of the potential of work on mathematical texts, for the improvement of language
skills.

Among the motivational aspects that should be taken into consideration during the learning process, in all
disciplines, and in particular in math, there is that regularity and harmony, for example in formulas and
geometrical figures, are aspect related to the concept of beauty. Statements as "nice theorem", "nice proof" or
"nice theory” are common among mathematicians: for a theorem, "beautiful" means short and clear, and in
the case of a demonstration "beautiful" means not too short, because it refers to a well-expressed result.
Harmonic and mathematical proceedings are strictly connected in art and music, as is evident for example in
the golden ratio and musical harmonic scale, thus making students aware of how the characteristic features of
"emotional" mathematical elements find themselves amplified and systematized in music and, more generally,
in arts, should be implemented in school learning process. In the words of Leibniz: "Music is a hidden
arithmetic exercise of the mind, which does not know that it is counting". Since learning styles may differ
among students, real life examples stimulating different sensorial activities are considered extremely useful to
tackle students’ difficulties. Different anecdotes are related to the mathematical elements of the music theory,
since Pythagoras and his disciples noticed that by vibrating two strings subjected to the same tension but of
different length (1/2, 2/3 and 3/4 of the first one respectively), they obtained sounds that were particularly
pleasant to the ear (consonants, in fact). It is the physiological structure of our hearing that makes us perceive
the frequencies of sounds in a multiplicative rather than additive way: in short, with the ear we "count" in
geometric progression, while with the fingers, adding units to units, we count according to an arithmetic
progression. The scale is constructed from the fundamental frequency of a string taken as a unit and multiplied
or divided by 3/2. Proceeding in this way, by ascending or descending fifths, multiplying by 3/2 or 2/3, we
obtain the ratios of what is called the Pythagorean scale (although it actually dates back to Eratosthenes, in the
3rd century BC). For example, the note emitted by a string stretched by a quadruple weight has a double
frequency: it will be said that it is one octave from the previous one and will be perceived as "equal”, but more
acute. The same observation can be repeated in terms of length: by shortening a string and in particular by
pressing it to half its length and then pinching one of its halves, you will obtain a note at a higher octave. In
today's piano keyboard, between two adjacent keys, black or white, there is an interval called "tempered
semitone". The strings of any chosen semitone are in the same ratio. The scale produced according to the
equable temperament is therefore obtained by dividing the octave into twelve equal parts. on a logarithmic
scale. Since the octave is represented by the ratio 2:1, with a chain of simple proportions we obtain the value
of the smallest interval, called temperate semitone, equal to the twelfth root of 2, which has a value of about
1.06, close to the diatonic semitone E-F which has a value of 256/243=1.053 and the value of the tempered
tone, which corresponds to the product of two twelfth roots of 2, equal to 1.1224, therefore close to the value
of the tone of the diatonic scale, that is 9/8=1.125 As we know today, the fundamental frequency (note) of the
sound emitted by a tight string in vibration is directly proportional to the square root of the tension to which
the string is subjected; it is inversely proportional to its length, the square root of its density and its section.
This solution somehow saved the consonance of the intervals of the Pythagorean system and made the steps of
the scale uniform, allowing composers and instrumentalists much more freedom and with more ability to play
and compose, but it had to make use of the irrational, a concept rejected by Pythagoras because it denied the
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possibility of expressing any relationship by means of natural numbers. In the course of the 18th century,
mathematicians better understood the nature of sound and were able to describe its propagation analytically.
The French mathematician J.-B. J. Fourier came to the conclusion that — after Daniel Bernoulli (1700-1782), who
believed he had described, by means of a trigonometric series, a particular type of sound — every periodic
function can be expressed through a trigonometric series. Mathematical elements are present in the music of
Arnold Schonberg (1874-1951), and his disciples, following atonality and dodecaphony, a compositional
method that uses the twelve sounds of the chromatic scale free from reciprocal and hierarchical harmonic
relations and reorganized, even with the use of combinatory techniques, according to the principle of the
series. During the 19" century once undermined the principle of consonance/dissonance of musical chords, we
have several examples of mathematical principles introduced into music with stochastic music based on
Markov's chain theory, in 1955 lannis Xenakis introduced probability into music: musical composition is
processed by formal processes defined in probabilistic terms.

Imagination is, as well, an absolutely necessary element in mathematical thinking. It requires to be educated by
a correct and fine interpretation of the language and rules though which mathematical objects are structured.
It is possible to help a student in the right imaginative construction of an abstract mathematical question by
choosing, in the history of mathematics, the paradigm closest to his/her cultural models and the most suitable
to educate to think with a structure (build a model) that will remain consistent and functional even in further
continuation of the study, when different branches, such as the geometric and algebraic ones, will mix
together, for example in Zeno's paradoxes of Plato’s Socratic dialogues: In order to reach the turtle, Achilles
should be able to travel a sum of infinite segments (and this is true); but the sum of infinite segments is not
necessarily an infinite segment if they have zero length. Here it lies the paradox, indeed the false paradox: in
order to execute sums of almost infinities of a distance of almost zero, the answer is not infinite. Zero and
Infinity are two numbers like all the others, however, unlike the common ones, have some exceptional
requirements: Zero, for example, multiplied by any number, always gives zero as a result, and Infinity, also
multiplied by any number, can only give rise to infinity. What happens then when zero and infinity multiply?
The result that emerges remains undefined. To understand that such sums can be finite, one had to wait until
the 18th century. Only then it was started to put the basis for a rebellion against the diktat of the Peripatetic,
which finally led Georg Cantor (1845-1918) to the creation of a satisfactory and coherent theory of
mathematical infinity.

It is important to clearly express the meaning of the words through which a mathematical concept will be
presented and the corresponding images that will be chosen to illustrate it: the construction of an abstract
concept cannot be separated from examples. In mathematics an image can never be representative of the
concept to which it refers, but simply serves to evoke it, nevertheless a wrong or misused image could lend
itself more easily to misunderstandings than a poorly written text.

The word "imagination" is linked to the image, and provides the ability to create mental images, which are
something certainly different from the figure seen on a book, or on a PC screen and is actually more abstract,
for example, when it comes to those images that are the two-dimensional representation of a three-
dimensional structure. The sense of sight is often connected with understanding, "l see" is, in many languages,
under may circumstances synonymous of "l understand it": it does not necessarily refer to the sense of sight or
to a real image, sometimes it can be a mental image or an abstract concept. Nevertheless, imagination could
deal with all the five senses: this statement has to be taken into consideration when structuring different
teaching strategies to reach the different students’ predispositions and abilities.
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3. Analysis of the language used in Math text books in order to give evidence to the
connection between language and student difficulties, identifying which language
strategies are, or may be, used to better understand the notions and to have a better
approach to solve problems.

Studies highlight how the difficulties of linguistic communication can make any type of direct intervention on
mathematical contents vain. They stress also the fact that, for the teacher, they need to continually switch,
during classroom work, from the use of languages to represent mathematics to languages to interact with the
class that requires considerable metalinguistic awareness.

Beliefs about math in many cases affects motivational engagement of young students, with regard to textual
problems, in particular those related to the formulation of the text of a problem, stereotypes (also linguistic)
and misconceptions in the formulation of school problems induce erroneous beliefs and generate deviant
attitudes towards problems and math itself. Critics about the use of the term 'misconceptions' have a
theoretical foundation, and are the result of a progressive refinement of research in mathematical education.
In particular, the idea of misconception and the approach to error is the starting point to a radical change that
towards this definition which has put the student and their learning processes at the centre of attention. It is
this shift of point of view where the learner is now considered as an active subject who builds his or her own
knowledge. More precisely, this model undermines the traditional interpretation of errors. In fact, the student
interprets the experience with mathematics, in particular the messages that the teacher continuously sends:
the student gives meaning to these messages, a sense that naturally depends on the knowledge he has but also
on many other less obvious elements. That algorithm, that term, that symbol, that property, that concept, will
be internalized according to the sense attributed by the student, and it may happen that this meaning does not
coincide with what the teacher intended to communicate. The learner, and more generally the individual,
continually interprets the world, relating the observed facts with previous experiences: the beliefs are precisely
the result of this continuous attempt to make sense of reality and, in the same time, determine the patterns
with which the individual approaches the world and therefore interprets the future experience. In
mathematical education, therefore, students' beliefs are seen as the result of their continuous process of
interpretation of experiences with mathematics; on the other hand, in turn determining the patterns according
to which future experience is interpreted, they act as a guide in selecting the resources to be activated; but, in
particular, they can prevent from using adequate knowledge and resources. Beliefs and misconceptions act as a
filter or as a simplification of a theory (as well as reality).

In the words of Lev Vygotsky:

“The scientific concepts evolve under the conditions of systematic cooperation between the child and
the teacher. Development and maturation of the child’s higher mental functions are products of this
cooperation. Our study shows that the developmental progress reveals itself in the growing relativity of
causal thinking, and in the achievement of a certain freedom of thinking in scientific concepts. Scientific
concepts develop earlier than spontaneous concepts because they benefit from the systematicity of
instruction and cooperation. This early maturity of scientific concepts gives them the role of a
propaedeutic guide in the development of spontaneous concepts. The weak aspect of the child’s use of
spontaneous concepts lies in the child’s inability to use these concepts freely and voluntarily and to
form abstractions. The difficulty with scientific concepts lies in their verbalism, i.e., in their excessive
abstractness and detachment from reality. At the same time, the very nature of scientific concepts
prompts their deliberate use, the latter being their advantage over the spontaneous concepts. At about
the fourth grade, verbalism gives way to concretization, which in turn favourably influences the
development of spontaneous concepts. Both forms of reasoning reach, at that moment, approximately
the same level of development”.

The example of the INVALSI Math tests administered in Italian schools in recent years have provided a great
mass of results and highlighted many macro phenomena attributable to textual or linguistic difficulties of
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Italian students. As stated by Branchetti and Viale, the syntactic dimension of the mathematical text, does not
seem to be particularly analysed in didactic studies, neither in mathematical nor in linguistic-educational ones.
Only in recent years the opinion that the linguistic dimension represents a fundamental component of the
study of mathematics has become increasingly solid, in contrast to a certain idea inherited from the school
tradition, which wants language and mathematics separate and incommunicable areas.

Traditional math schoolbooks in Italy use problems which are often characterized by long periods with a
complex syntax, the use of an implicit subordinate introduced from a past participle (e.g. given the trapezoid
...) or a gerund, verbal moods which are very frequent in mathematical texts. Typical of the traditional style of
mathematics is also the use of the passive impersonal form (in Italian: ‘si passivante’) and of the parenthetical
clauses. The high frequency of interpolated clauses which increases the information density of the sentence;
the use of the form “so as to”, which in Italian is followed by subjunctive mood, falls within the typical style of
the traditional mathematical text . It is interesting to note that some textbooks reproduce syntactic modules
typical of the Italian tradition of mathematical text of this genre also in the English version of some exercises,
such as the following example from the English section "Test your skill" of a reference textbook used in a
technical school during the first two-year of study: “Each day a company can produce a maximum of 300 tons
of a certain product. For each ton produced the cost of manufacturing and raw materials is € 1,6 and the
standing daily expenses are € 36,00. Find the maximum profit and the minimum amount so as not to be in
deficit knowing that each ton is sold at € 4,00”.

A good example of reference textbook is given in Italy by the work of Massimo Bergamini, Graziella Barozzi &
Anna Trifone, Manuale di Matematica blu, rosso, azzurro and verde, edited by Zanichelli, which is aimed to a
course that highlights the connections between mathematics and reality; the theory is expressed with
particular attention to the use of a clear language, expressed with rigorous and precise criteria, and presents
many exercises set in everyday life, a balanced use of images and references to activities linked to an online
site. On the sides the formulas are represented with different system, to address students’ different abilities
and learning strategies and customs, and a part dedicated to those students with Special Educational Needs
(SEN, in it. BES).

The Polish poet Wistawa Szymborska dedicated several poems to mathematics, in her book Wszystkie lektury
nadobowigzkowe (Nonrequired reading) on the prince of geometry theorems, she writes:
I can easily imagine an anthology of the most beautiful pieces of world poetry making room for
Pythagoras’s theorem. And why not? It sets off the sparks that are the mark of great poetry, its form is
pared beautifully to only the most necessary words, and it has a grace with which not even every poet
has been blessed...
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