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Introduction
This chapter is aimed at presenting and discussing the ways to address difficulties and learning disabilities in
mathematics that were developed and tested during the SMILD project.
As pointed out in Chapter 1, the way of addressing difficulties and learning disabilities varies across states. What is
common is the fact that the teacher plays a crucial role in identifying difficulty, understanding it and deciding how to
act, with the final aim of helping the student. The SMILD project is exactly conceived to work for the teachers and with
the teachers to help students in need. Such a way of addressing difficulties and learning disabilities is organized in two
steps: at first, it is necessary to understand such difficulties, that is to say identify profiles of difficulty. This is done in the
project by means of two questionnaires (B1 and B2), that are described in detail in Intellectual Output 1. Once identified
the profiles of difficulty of the students, it is possible to design and implement intervention tools for a specific difficulty,
that can be used by the teacher in interaction with a single student or when teaching to the whole class.
A key feature of the entire project is the fact that the design of the questionnaires and of the interventions tools is
inspired by the state of the art of research and practice on mathematical learning difficulties and disabilities. Within the
project we identified theoretical tools that may frame the design and management of the intervention tools for
individual students and/or for the whole class. Such theoretical tools helped us to identify general guidelines for the
design of efficient intervention tools. Moreover, we designed and tested intervention tools (Intellectual Output 2)
addressing specific difficulties. The final product is a free accessible set of ICT based tools available in English plus the 3
different languages represented within the project consortium (Italian, Polish and Portuguese) in order to ensure high
transferability potential of the intellectual output. An interesting feature is that each partner proposed intervention
tools that were designed in reference to a specific national context, but that now, thanks to the project, can be
exploited also by the teachers of other countries. Another relevant issue is the fact that the design followed a crossnational review, so that each intervention tool was improved thanks to the comments of the project partners.
This chapter contains:
- The theoretical framework that was used to design effective intervention tools. Such theoretical framework
refers to inclusive education approaches (udl principles, see http://udlguidelines.cast.org/) and to formative
assessment (inspired by the fasmed project, see https://research.ncl.ac.uk/fasmed/);
- The guidelines we developed for the design of the intervention tools; we point out that the guidelines should in
principle also frame the design of other intervention tools by the teachers that read this chapter;
- Some examples of intervention tools that were designed and tested; we point out that more intervention tools
are described in Intellectual Output 2.
The contents are developed in order to make full use of ICT and media available on-line and addressed to teaching and
learning Math, providing external links to portals, websites, on-line publication, pdf documents, videos etc.

1. Designing the Intervention Tools – a Theoretical Framework
Karagiannakis’s and colleagues (2016), propose a model classifying mathematical skills involved in learning mathematics
into four domains: Core number, Memory, Reasoning, and Visual-spatial (the frame is presented in Table 1). Their
findings support the hypothesis that difficulties in learning mathematics can have multiple originsand they provide a
means for sketching students’ mathematical learning profiles.
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The frame helps to characterize students’ difficulties in mathematics.
Table 1: Karagiannakis’s and colleagues’ frame: domains of the four-pronged model and sets of mathematical skills
associated with each domain

We recall that the model framed also the design of Questionnaire B2, aimed at better understanding students’ profiles of
difficulty. When constructing B2, we chose questions that were related to the cognitive areas as well to three mathematical
domains: arithmetic, geometry, algebra (core number is not related to all cognitive areas). As a result, we proposed questions
that were located in some cells of the following table (Table 2).
Table 2: Double relation between cognitive areas (memory, reasoning and visuo-spatial) and mathematical domains
(arithmetic, geometry, algebra).

The same frame is used for the design of the intervention tools. Here we present additional theoretical references that
support the design of the intervention tools.
First of all, we refer to the Universal Design for Learning (UDL) principles (Table 3), a framework specifically conceived
to design inclusive educational activities (http://udlguidelines.cast.org/).
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Table 3: UDL guidelines

The Center for Applied Special Technology (CAST) has developed a comprehensive framework around the concept of
Universal Design for Learning (UDL), with the aim of focusing research, development, and educational practice on
understanding diversity and facilitating learning. UDL includes a set of Principles, articulated in Guidelines and
Checkpoints (For a complete list of the principles, guidelines and checkpoints and a more extensive description of CAST’s
activities, visit http://www.udlcenter.org). The research grounding UDL’s framework is that “learners are highly variable
in their response to instruction. [...]"
Thus, UDL focuses on these individual differences as an important element to understand and design effective
instruction for learning.
To this aim, UDL advances three foundational Principles: 1) provide multiple means of representation, 2) provide
multiple means of action and expression 3) provide multiple means of engagement. In particular, guidelines within the
first principle refer to means of perception involved in receiving certain information, and of “comprehension” of the
information received. The guidelines within the second principle take into account the elaboration of information/ideas
and their expression. Finally, the guidelines within the third principle deal with the domain of “affect” and “motivation”,
also essential in any educational activity.
For our analyses, we will focus in particular on specific guidelines within the three Principles (The items are taken from
the interactive list at http://www.udlcenter.org/research/researchevidence).
Guidelines within Principle 1 (provide multiple means of representation), suggest proposing different options for
perception and offering support for decoding mathematical notation and symbols. Moreover, guidelines suggest the
importance of providing options for comprehension highlighting patterns, critical features, big ideas, and relationships
among mathematical notions. Accordingly, we will propose the use of the software AlNuSet to guide information
processing, visualization, and manipulation, in order to maximize transfer and generalization.
Moreover, the guidelines from Principle 2 (provide multiple means of action and expression) suggest to offer different
options for expression and communication supporting planning and strategy development. Finally, the guidelines from
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Principle 3 show how certain activities can recruit students’ interest, optimizing individual choice and autonomy, and
minimizing threats and distractions.
In section 4 we will present examples of activities, discussing the type of mathematical learning they address and the
cognitive area they support. We will show how these examples have been designed within the frame of the UDL
principles in order to make them inclusive and effective to overcame math difficulties identified through B2
questionnaire.
Another theoretical reference we refer to comes from the experience of the European Project FasMed, that focused on
formative assessment in mathematics and science (https://research.ncl.ac.uk/fasmed/).
Formative assessment (FA) is conceived as a method of teaching where “evidence about student achievement is
elicited, interpreted, and used by teachers, learners, or their peers, to make decisions about the next steps in
instruction that are likely to be better, or better founded, than the decisions they would have taken in the absence of
the evidence that was elicited” (Black & Wiliam, 2009, p. 7). FaSMEd project refers to William and Thompson (2007)’s
study, that identifies five key strategies for FA practices in school setting: (a) clarifying and sharing learning intentions
and criteria for success; (b) engineering effective classroom discussions and other learning tasks that elicit evidence of
student understanding; (c) providing feedback that moves learners forward; (d) activating students as instructional
resources for one another; (e) activating students as the owners of their own learning. The teacher, student’s peers and
the student him- or herself are the agents that activate these FA strategies. The FA strategies are summarized in table 4.
Table 4

According to such conceptualization of formative assessment, the European Project FaSMEd designed and tested
several class activities that exploit technology to support formative assessment strategies.
FaSMEd activities are organized in sequences that encompass group work on worksheets and class discussion where
selected group works are discussed by the whole class, under the orchestration of the teacher. Taking into account
formative assessment strategies and technology functionalities, Cusi, Morselli & Sabena (2017, p. 758) designed three
types of worksheets for the classroom activity:
(1) problem worksheets: worksheets introducing a problem and asking one or more questions involving the
interpretation or the construction of the representation (verbal, symbolic, graphic, and tabular) of the
mathematical relation between two variables (e.g. interpreting a time-distance graph);
(2) helping worksheets, aimed at supporting students who face difficulties with the problem worksheets by
making specific suggestions (e.g. guiding questions);
(3) poll worksheets: worksheets prompting a poll among proposed options”.
The authors identified feedback strategies (Table 5) the teacher may adopt to give feedback to students (Cusi, Morselli
& Sabena, 2018, p. 3466). These strategies are employed in the class discussion that is organized by the teacher after
the group work on worksheets.
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Table 5: Feedback Strategies

We draw from the FaSMEd experience the idea of creating classroom activities in the formative assessment perspective that
may promote inclusion. An example of FaSMEd activity is the Time-distance graphs activity, that will be presented in section
4.

2. Designing the Intervention Tools – Guidelines
Once identified the areas of difficulties through the B2 questionnaire, it is possible to design educational activities
especially conceived for students with Mathematical Learning Disabilities - MLD and with a specific attention on the
inclusion.
In particular, the Intervention Tools can be:
 In the form of articulated activities that should be carried out with all the class, in a perspective of inclusion;
 In the form of specific exercises that could help a student having difficulties or all the students of the class to
work together on the same activity.
In section 4, we present some examples of intervention tools focused on the following mathematical objects:
 Mental calculation, when difficulty is mainly related to the Memory cognitive area;
 The meaning of variable and of expression depending on such a variable, when difficulty is mainly related to
the Reasoning cognitive area;
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Positional syntax in algebraic expressions, when difficulty is mainly related to the Visuo-spatial cognitive
area;
Interpretation of graphs, when difficulty is mainly related to the Visuo-spatial cognitive area.

The following table (Table 6) presents the aforementioned mathematical objects and their connection with cognitive
areas and mathematical domains.
Table 6: A first list of mathematical objects in the areas of difficulties identified through the B2 questionnaire.

As a general methodological comment, we point out that our aim is to design well-articulated teaching sequences,
encompassing also group work and mathematical discussion under the orchestration of the teacher. The teaching
sequences are conceived to address specific learning difficulty, within an inclusive perspective. The activities are not to
be intended as mere exercises, unless they play the role of cognitive training. In cognitive training the student is led to
perform a series of exercises that are focused in the same mathematical content, using ICT to have a repeated
sequence.
In order to support the communication and sharing of intervention tools among partners and to all the teachers that
may be interested into the project, we developed two templates for the presentation of the intervention tool.
1. Template IO1F is a table to be filled by the author of an intervention tool, providing all the basic information on
the intervention tool.
2. Template IO1G contains the complete description of the intervention tool. In order to be auto-consistent, it
should also contain the theoretical references that frame the design and implementation of the tool.
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The templates are presented hereunder:
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3 Examples of Intervention Tools
Intervention Tool 1
We present an intervention tool that may useful in reference to difficulties highlighted in the following item of B2,
Q3Al1 & Q3Al2:
If a=3 what is the value of 2a+1?
If x= -4, what is the value of 24/x?
As we already pointed out, difficulty in such item may be linked to the cognitive domain of Reasoning and in the domain
of Algebra. The intervention tool is aimed at Constructing the Meaning (We point out that this does not just mean
calculating the value of expressions nor manipulating algebraic expressions!) of variable and of expression in one
variable.
Here we present a series of educational activities designed for the class.
The design of such activities relies on the use of UDL principles in order to make activities inclusive. In particular, we
provide multiple means of representation, which promote both student’s engagement and their action and expression.
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1) Dynamic representation of variable and expression depending on such a variable.
The first idea in designing activities relies on the use of the software AlNuSet, (see
http://www.alnuset.com/en/alnuset). AlNuSet was designed for secondary school students (from age 12-13 to age 1617) and it is made up of three separate environments that are tightly integrated: the Algebraic Line, the Algebraic
Manipulator, and the Cartesian Plane. We will describe the features of the Algebraic Line, through the following activity
(For a more detailed description of these environments see www.alnuset.com), which support the conceptualization of
algebraic notions of variable and expression depending on a variable in MLD students (Robotti, E. 2016; Robotti E.,
Baccaglini-Frank A., 2017).
On the Algebraic Line it is possible to place variables and expressions that depend from them. To do this, the user has to
type a letter, for example, “x”, and a mobile point will appear on the line. The point can vary within the chosen set of
numbers (natural, whole, rational, or real - of course the representations of the numerical sets are accomplished on a
computer, so the sets are actually finite and discrete, but they simulate – with some limitations – the properties of the
number sets they represent.) and variation can be controlled directly by the user through dragging. This feature was
designed so that important aspects of the notion of variable could become embodied. Moreover, it is possible to
construct expressions on the line that depend on a chosen variable, for example, 2x+1. This dependent expression
cannot be acted upon directly, but it will move as a consequence when x is dragged. The dependent expression will
assume the positions on the line that correspond to the values it takes on when the dependent variable takes on the
value it is dragged to (Figure 1).
Figure 1 represents the movement of the variable x on the Algebraic Line produces the movement of the dependent
expression 2x+1 on the line.
Figure 1:
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We note that the functionalities described propose different representations (UDL Principle 1) and they are designed to
foster for the user a mediation of the algebraic concepts of variable and dependent expression, through a dynamic
model that can be acted upon (UDL Principle 2). The mediation can occur thanks to visual and kinaesthetic channels,
without the need of visual verbal means (written language). The construction of the concept realized as so may allow
students, and especially students with MLD, to find mnemonic references that are appropriate for their cognitive style.
This allows them to start using representations of the fundamental algebraic concepts at stake, and possibly to place
and retrieve them from long term memory in a more effective way.
With the support of AlNuSet, the teacher can promote a discussion among the students of the class in order to
conceptualize the idea of variable.
As matter of fact, he/she can ask the students to move x along the line and to answer the following questions: “What
can you observe?” ‘’How do you interpret what happens?”
Moreover, the teacher can promote also a discussion among the students in order to conceptualize the idea of
expression depending on the variable x.
Therefore, the teacher asks the students to digit 2x+1 in editor space of the Algebraic Line and he/she launch a
discussion by the following question: “What happens on the Algebraic Line?”
“How do you interpret what happens to the algebraic expression 2x+1?”
It could be interesting, in a first time, to promote the definition of a hypothesis without the dynamic support of AlNuSet.
Thus, the teacher could ask the students: “If x=3, what do you think will be the value of the expression 2x+1? Make your
hypothesis, compare it with your schoolmates and then verify it on the Algebraic Line of AlNuSet”.
A discussion (guided by the teacher) about what students observe on the Algebraic Line and how they can interpret it in
algebraic way, allows students to construct the meaning of variable and of expression depending on such a variable.
2) Representation of the relation between variable and expression depending on such a variable on a Cartesian plane
and on a table
We consider a table defining the relation between the variable “x” and the expression 2x+1.
Table 7
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The teacher asks the students to calculate the value of the expression 2x+1 starting from the values of the independent
variable “x”:
Table 8

The teacher asks students to draw the relation on the Cartesian plane:

The teacher guides the discussion about the relation between x and the expression 2x+1 both through geometrical
representation (on the Cartesian plane) and the algebraic relation (on the table) so that students will be able to pass
from a code to the other one (transcoding process).

3) Concrete representation of a variable and of an expression depending on such a variable
The teacher presents two identical boxes (each represents x) and 1 straw (the constant), (Figure 2). By varying the
number of straws in the boxes (the same for both, this means varying the value of the variable), the total straws vary
(varying the value of the expression depending on such a variable).
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Figure 2: Varying the value of the expression 2x+1 by varying the number of straws in the boxes (x).

The meaning of “variable” and of “expression which depends on such a variable” in algebra is constructed in a
perceptive way by the manipulation of concrete objects.
Discussion through UDL guidelines about the above-mentioned activities
We observe that the same educational aim of constructing the meaning of “variable” and of “expression depending on
such a variable” in algebra is approached in different ways by acting on the three principles of UDL (Table 7, in red our
comments to illustrate the connection between the principles and our activities).
Table 9: Analysis of the activities through the Table of UDL principles.
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This allows students to construct meaning for the algebraic notions at stake.
Intervention Tool 2
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This intervention tool is conceived to address difficulties that may emerge when dealing with algebraic representation,
in the considered case, the difficulty is more linked to the visuo-spatial cognitive domain than to the reasoning domain
(see, for instance, Q4Al1, Q4Al2 and Q4Al4 of B2) .
Let’s consider, for instance, the following algebraic expressions:
x2 = …
2x = …
We may note that visuo-spatial difficulties may increase in advanced arithmetic, in comparison to elementary arithmetic
which is based on the positional system of representation and only one direction (left-right) is involved. In advanced
arithmetic other directions emerge: vertical position (fractions), oblique position (powers, roots, subscript). Moreover,
symbols are written with different sizes, and different size and position convey a different meaning. Consider, for
instance, the following expressions:
2

2; 22; –2; ½; 2 ;

;

Moreover, when dealing with negative numbers it is necessary to conceive the minus sign as part of the number, and no
more as an operating sign.
All the aforementioned facts may cause cognitive conflict in students, since it is necessary to reconstruct what was
previously learnt in reference to natural numbers. Moreover, the student needs to perform a more complex visual
synthesis of the expressions (both numerical and algebraic expressions). For instance, dealing with the following
expressions requires connecting 2 and x in the proper way, depending on the position of the symbols.
x2 = …
2x = …
This means that it is necessary to identity the structure of the expression in order to get its meaning. The structure can
be outlined for instance by means of the Equation Editor of Word (Figure 3):
Figure 3: Equation Editor of Word to visualize structure of the expression

The same can be done by means of other editors, (Figure 4, or for instance, the editor of AlNuSet):
Figure 4: editor of AlNuSet
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Intervention Tool 3
This intervention tool is conceived to address difficulties that may emerge when dealing with mental calculation (see,
for instance, Q1.4 of B2 questionnaire).
For example, in the case of the calculation:
36×11
Mental calculation requires an efficient management of executive functions, that could be slowed down by the need of
keeping in mind intermediate results. If this happens, the whole calculation process risks to fail. In this case, we may say
that the difficulty is not in the knowledge of mental calculation strategies, rather in memory: the student fails because
of difficulty in keeping in mind and recovering the intermediate results of calculation.
The intervention is aimed at providing students with some support for memory. Representation systems that are
efficient and fast in supporting the memorization and recovery may be useful. For instance, consider the following nonformal representation (Figure 5):
Figure 5: Example of informal writing as a support for the
process.

calculation
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Intervention Tool 4
This intervention tool is conceived to address difficulties that may emerge when dealing with graphs in the Cartesian
plane and that are linked to the Visuo-spatial cognitive domain (see, for instance, Q4Ar3, Q4Ar4 and Q4Ar5 of B2
questionnaire).
This intervention tool draws from the FaSMEd experience, (see https://microsites.ncl.ac.uk)
The intervention tool consists in guiding step-by-step the students into the interpretation of the graph and in giving
large space to groupwork and class discussion, so that students act as resource for those mates that have more
difficulty. Class discussion is also the occasion for the teacher to give specific feedback to students.
Here is a brief account of the sequence. Each question (worksheet, in the terminology of FaSMEd project) is to be
administered to the students for the groupwork; after each question, a class discussion is orchestrated by the teacher.

Worksheet 1 introduces the graph and the corresponding story: the graph represents the way in which a student,
Tommaso, walks, on a straight road, from home to the bus stop. The question posed to students makes them focus on
the second section of the graph, that is the segment that connects the points (50, 100) and (70, 40). Students are asked
to deduce, from the graph, what happens during the period of time from 50s to 70s.
Figure 6: Worksheet 1
Evert morning Tommaso walks along a straight road from is home to a bus stop a distance of 60 meters. The graph
shows his journey in one particular day.

(1) What happens in the period of time
between 50s and 70s? How do you know it?

We point out that students are asked to explain how they deduced this information from the graph, in order to make
them reflect on the reasons supporting the correct interpretation of a time-distance graph.
Worksheet 1A is a helping worksheet, that can be provided to those students that have difficulty in answering to
Worksheet 1. The teacher may decide to provide the helping worksheet to all those students that have difficulties linked
to the visuo-spatial cognitive area.
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Figure 7: Worksheet 1A
(1)What happens in the period of time
between 50s and 70s? How do you know it?

Help to answer question 1:
Remember that Tommaso is walking on a
straight road.
- What is his distance from home after
50s?
- What is his distance from home after
70s?

The “help” within worksheet 1A aims at supporting the students in the interpretation of the graph in two ways:
1. the suggestion within the worksheet (“Remember that Tommaso is walking on a straight road”) aims at
preventing students from confusing the graph with the drawing of the road (proposing interpretations such as
“Tommaso turns right, then left” or “Tommaso is down hill and then up again”).
2. the two questions make the students focus on the way in which Tommaso’s distance from home varies, helping
the students observe that, since the distance is decreasing, Tommaso is approaching home.

Worksheet 1B is a worksheet prompting a poll: three answers, given by other fictitious students, are proposed, with
the request of identifying the correct one.
Figure 8: Worksheet 1B
(1)What happens in the period of time
between 50s and 70s? How do you know it?

What is the correct answer?
(a) In the period from 50s to 70s, Tommaso comes back.
(b) In the period from 50s to 70s, Tommaso changes his road
(c) In the period from 50s to 70s, the road, on which Tommaso is walking goes down.

Worksheet 2 shifts the focus on the last section of the graph, that is the horizontal segment (100,160)-(120,160).
Figure 9: Worksheet 2
(2)What happens during the last 20s? How
did you establish it?

The question in Worksheet 2 is focused on the interpretation of a horizontal line within a time-distance graph.
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Worksheet 3 requires students to determine when Tommaso reaches the bus stop. Here the focus is on the
interpretation of a point in a time-distance graph as a bearer of two information: the distance from home and the time
spent. Students have to identify the point (100,160) as the one on which they have to focus in order to find the answer.

Figure 10: Worksheet 3
(2)What happens during the last 20s? How
did you establish it?
(a) After 120s
(b) After 50 + 70 + 100 + 120 second, that is after 340 seconds
(c) After 100 seconds
(d) After 50 seconds

The question in worksheet 3 is proposed as a poll. The first option represents one of the typical mistakes made by
students, who interpret the last point on the right of the graph as the one representing the moment in which Tommaso
stops. The second option was inserted to see if students would have chosen it because of the “mathematical
expression” proposed, without analysing its correctness. This poll is conceived as a starting point for a discussion
focused on the reason underlying the choice of the answers.
Worksheet 4 is the last question proposed to support students’ interpretation of the graph. It makes students focus on
the distance walked by Tommaso to reach the bus stop.

Figure 11: Worksheet 4
(3)Does Tommaso walk for 160m? Why?
The question aims at making the students reflect one the difference between two concepts: the distance from home
and the distance that was walked through. Again, students are also asked to share the reasons underlying their answers.
Worksheet 4A is a helping worksheet to be sent to those students who have difficulties in facing worksheet 4.
Figure 12: Worksheet 4A
(4)Does Tommaso walk for 160m? Why?

Help to answer to question 4:
Analyse the graph and answer to the following questions:
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Figure 7

Answer to question 4:
The “help” within worksheet 4 consists of four different questions through which students are guided to focus,
separately, on the different sections of the graph. In this way, they can determine the distance walked by Tommaso as
the sum of the distances walked by Tommaso during the periods of time corresponding to each section of the graph.
Worksheet 5 focuses on a global interpretation of the graph. Students are asked to propose a possible completion of
the story, in tune with the interpretation of the graph that the previous worksheets supported.
Figure 13: Worksheet 5
(5)After having answered to the questions in
the previous worksheets, describe how
Tommaso has walked on the road from his
home to the bus stop. What coud have
happened to him?

Worksheet 5 is aimed at enabling the students to recall all the aspects highlighted in the previous worksheets and
corresponding discussions.
Discussion through UDL guidelines about the above-mentioned activities
We observe that the aforementioned teaching sequence is coherent with the three principles of UDL, as evidenced in
the following table (Table 8, in red our comments to illustrate the connection between the principles and our activities).
Table 8: Analysis of the activities through the Table of UDL principles.
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